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Support Vector Machines (SVMs)

solution
1) Starting with a dataset margin

{(Xi,yi)} c R" x {il}
2) we solve the quadratic program

max Zai _%Zi,jyiyjaiaj (Xiaxj)

st. «a 20, Zl_ylal. =0

3) to obtain the normal to the
separating hyperplane g \ g x 1y, =1

W =" aX,

4) Support Vectors are X; such that a; # 0, shown as lying on dashed lines.
Distance between dashed lines is known as solution margin.



Nonlinear/Non-separable Extension of SVMs

1) Map the dataset into a higher dimensional space using a nonlinear map
O:R" > F.

2) Use the linear SVM classifier in the higher dimensional space.

3) Do this by replacing the inner products (X,,X;) in the SVM problem with a kernel
function, where a kernel function £ : R" x R" — R corresponds to @ such that

k(XX )= (CD (xl.),cD(xj)).
4) If our dataset 1s non-separable, we can use a kernel function of the form

k(%X )=k(x.x,)+6,/C.



Geometric Version of the SVM Problem
LetX ={x,:y, =1}, Y={x,:y,=-1}, and S= X Y.

Then the normal to the separating hyperplane w* can be obtained
from the point s* closest to the origin in the convex hull of the
secant set S.

origin



Overview of Gilbert’s Algorithm

Finding Closest Point on Convex Hull

How can we find the point s* on the convex hull of S closest
to the origin?

One solution 1s to use Gilbert’s Algorithm (1966). This was
originally attempted in (Keerthi ez al., 2000).

p—

Choose a point W, in S.

Identify the point g*(-w,) in S closest
to the origin in the direction of -w,.
Identify the point w, on the line from
w, to g*(-w,) closest to the origin.
Repeat 2-3.




Formalizing Gilbert’s Algorithm (Definitions)

For a.b € R" we set

R o b
a it —(a,b—a) <0 a.b]*
[a, b]" = 3+H(b—a) if 0< —(a,b—a)<|b—al? "/
b if ||[b—al*< —(a.b—a) a \
©
The point [a, b]" is the point on the line segment from a to b origin

closest to the origin.

We define the support function g : R” — R by / >~
g(x) = max, {(X,Sm)}, g*(x) T
and the contact function g*: R" — R" by

g*(X)ZSmo, K

for some uniquely defined m,.




S

Gilbert’s Algorithm

Choose a point W, in S.

Identify the point g*(-w,) in S closest to the origin in the direction of -w,.
Identify the point w, = [w,, g*(-w)]*.

Repeat 2-3 indefinitely.

s* =lim, , W,.




Problem with Gilbert’s Algorithm

Gilbert’s Algorithm often gets “stuck” in very slow
(~1/n) asymptotic convergence.

o

Can we fix this?



Observations about Gilbert’s Algorithm

1)

2)

Gilbert’s Algorithm identifies a subset S’ of .S and
iterates between the vectors in the subset
indefinitely.

Gilbert’s Algorithm appears to converge faster in
angle than in norm: (W,,$*)/(||w,]| ||s*||) ~ 1/n?.

o




Ly

2)
3)

Modifications to Gilbert’s Algorithm

Construct m; from Wy, W,, ... by using the subset of "= {s,,....S;}
identified by Gilbert’s Algorithm:

Repeat to obtain m,, m,, ...

Stop when m,, m,, ... converges in angle:

(m,m, )
™, .,

< g,
™,
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Example:
Adult-4a Dataset

* In some cases we
also get fewer
support vectors.

Adult-4a Data
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Conclusions

Modified Gilbert’s Algorithm to successfully train SVMs.
New algorithm appears to be fast.

Results are as accurate as other methods.

New algorithm may 1dentify fewer SVs than other methods.

Theoretical results should be derived to support/refute this
approach.




Future Work

* Another possible direction:
1) Identify subset S’ of S using Gilbert’s Algorithm.
2) Solve for s* directly using §".
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